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Attitude Stability of DeBra-Delp Satellites in Circular Orbit
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DeBra-Delp satellite refers to a particular attitude with respect to the orbital coordinates of certain rigid three-
axis satellites. The attitude stability of such a satellite placed on a circular orbit, examples of which can be found
among natural and artificial satellites, is examined. As is well known, linearized techniques for the stability of
the particular equilibrium of the named satellites have been inconclusive because no Lyapunov function for them
was found. Our aim is to demarcate a region in the parameter space (T, T») defined by the moments of inertia,
where the equilibrium of DeBra-Delp satellites is stable. This aim is achieved using and contrasting both analytical
and numerical solutions and analyzing nonlinear characteristics of the problem. The analytical approach used is
based on Tkhai’s theorem, which represents an extension of the KAM theory and provides a sufficient criterion

for stability.

I. Introduction

T is known that a rigid triaxial satellite on a circular orbit has an

equilibriumif one of its principal axes of inertia is normal to the
orbital plane and another one is tangentialto the orbit, and its orbital
angular velocity is identical to its spin velocity. As shown by the
works of Delp and DeBra,! Modi and Brereton,”* and Beletskii,'
the linearized analysis indicates that these equilibria are stable for
a wide range of principal inertial moments irrespective of which
principalaxes are chosento be normal and tangentialto the orbit (see
Fig. 1). The equilibrium, whichis called the Lagrange configuration
and which Newton intuitively assumed to be valid for the moon,
possesses a Lyapunov function that is its Hamiltonian and, thus,
its stability is guaranteed. At present, it is generally and tacitly
assumed that all natural satellites have ended up in the Lagrangian
equilibrium?

On the other hand, after the publication of Ref. 1, Likins showed
that the linearized analysis of stability is inadequate for a particular
equilibrium, i.e., the DeBra-Delp configuration in Fig. 1 (Ref. 6).
The question of stability for DeBra-Delp satellites has remained
thus far unresolved’® Because of errors in their analysis, as we
shall subsequently demonstrate, the attempt by Marandi and Modi’
in 1989 to illuminate the stability behaviorof DeBra-Delp satellites
has likewise not succeeded. The difficulty of the stability problem
for DeBra-Delp satellites is related to the fundamental problem of
how to find a criterion of stability for general Hamiltonian systems.
The Kolmogorov-Arnold-Moser (KAM) theory'® provides such a
criterion, but it is only for systems with two degrees of freedom.
For such systems, the dimension of the phase space is four, and the
energy levels are given by three-dimensionalmanifolds. Hence, the
invariant two-dimensional tori divide each energy level set. Thus,
any phase space curve, no matter how complicated, is confined to
the gap between two invariant tori of the perturbed system. Hence,
the correspondingaction variables stay forever near their initial val-
ues. When the number of degrees of freedom n is greater than two,
then the n-dimensional invariant tori do not divide the 2n — 1)-
dimensional energy level manifold. Instead, they are arranged in it
like points on a plane or lines in space. Then, the gaps correspond-
ing to various resonances are connected to one another. The phase
curves starting near resonances are in this case not prevented by the
invarianttori from going far away. Hence, it cannot be expected that
the action variables along such a phase curve remain close to their
initial values.!! Furthermore, it was shown by Arnold'? that there
could exist no algorithm that leads in a finite number of steps to a
decision on stability in every dynamical system.
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Nevertheless, Arnold’s theorem did not rule out the possibility for
an algorithmic sufficient condition. Indeed, Tkhai found, in 1985,
such a sufficient condition for arbitrary Hamiltonian systems in nor-
mal form.'3 The normalization of higher-order terms of a Hamil-
tonian requires care, the algebra becomes rather tedious when one
normalizes the Hamiltonian up to the terms of degree four, as re-
quired by Tkhai’s theorem.

II. Analytical Nonlinear Stability Analysis
This section containsthe attitude stability analysis of a rigid satel-
lite in a circular orbit investigated by the Tkhai’s theorem'* by use
of the normalized Hamiltonian, as first suggested by Marandi and
Modi.’

A. Normalized Hamiltonian for DeBra-Delp Satellites

Rodrigues parameters 7;, associated with a simple rotation of a
rigidbody B in referenceframe A, providealocal coordinatesystem
for the satellite about its center of mass. The angular velocity of B
in A, expressedin terms of r and F, can be written as®1°

M

2 i —rxh
=——@F—rxr
1+ |r?

Conversely,if Qis knownas a functionof time, the Rodrigues vector
can be found by solving the following differential equation:
izé(Q—l—rXQ—i—rr-Q) 2)

If Eq. (2) can also be formulated in terms of matrices 2, r, and 7,
then

(3)

where U is unit matrix and 7 is skew-symmetric Rodrigues matrix.
Then, it is explicitly found as

F=1U-F +r'nQ

1 —l—rl2 r\r,—ry rirz+r
. 2
r:E rro+rs l4ry  rrs—r [ Q 4)
rry—ry ri4nrn 147037

The corresponding conjugate variables s; are found in terms of
the angular velocity of the satellite. By considering L as a function
ofrandr,ie., L(r,r),s = dL/dr are computed after the appropri-

ate substitution for Q and C;;, components of the direction cosine

matrix, as
5 I, —r3ly,
5 = —— r311 12 —r113 (Q, + C‘;,) (5)
1+ |r|?
—r rily I

where the principal moments of inertia are denoted by /;. Therefore,

Q=Ms—-Cy 6)
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Fig.1 Configuration of the satellites in the orbit.

where
1—|—r12 rir, +r3 riry —r
21, 21, 21,
M= riry —r3 1—|—r22 ry 4 113
21, 21, 21,
rirs —ry —ri+rr; 1+ r32
2L 21 21

To investigate the attitude stability of a rigid satellite in a circular
orbit about the equilibrium, its Hamiltonian of the rotational motion
is to be written in the Birkhoff'* normal form. To achieve this, we
first consider the equilibrium for (C;;, Q) in (r, s) coordinates, i.c.,

r, 9)[(Cij, D]leg = (0,0,0,0,0, 23)

and define the following canonical transformationr = 7 and s” =
(81, 82, 53 + 213) to bring the equilibrium to the origin. Then, the
Hamiltonian of the attitude motion of a rigid satellite in a circular
orbit under the influence of the gravitational torques can be written
by a further substitutionin terms of  and s:

3
% > on( - ¢ +3¢3)

i=1

HIC;;, €

1
=5 (Q"IQ-ciIc; + 3¢ IC)

1
= s[s"M"IMs — 25" M"IC5; + 3CIC] (D)

where the new variables (r, §) are renamed (r, s) in the following
sections because the original variables are no longer needed.

Thus, the Hamiltonian of the system can be written in the follow-
ing form:

where by = s"M"IMs, h, = =2s"M"IC5;, and hy = 3C[IC); are
found explicitly by REDUCE. '

Then, the Hamiltonian can be expanded, as described in Ref. 16,
depending on the powers of (r, s) explicitly in the following form:

H:H0+H1+H2+H3+H4+"' (9)
where
31 —1
Hy = ——=2, H,=0
2
1] 12 12
7ﬁ=§[iﬁ+(f"4ﬂh—606
+12(1 —1)r2+Ls2+Ls2+Ls2
PR T L g

+2 Loy +2(1 L
— — 1 |s,r — — |5
20 2l 21, 12

I, I, 1,
H; = 2Izrls3 + 20 583 + 2r3s3

—120L 12 + 121 LI, + L I? — L 1?
+ 14 14243 113 243 FiFars
LI,

L, — L) L(—1,+ 1)
— 1138y + 1135

201, 201,

L1 Lok b=l
IZR M) 1)
4L, V7 T ann U T ann

48111, — 2412 — 2411, + I
A —7.

2.2
273

N 1212 = 2411y + 120,15 + 1
21,

2.2
173

+6(,+ 1, — 213)r12r22 + 12(1, — I_;)r;1

241 =24L+1; , L, —-1) ,
+ 3 riras;
2 : 21,1,

L -1
21,

2

L—1
+ 1r252

LI, — I,)
3.0 3 (g 2
roris; + Ee—
21, 230

201,

2
rirys; +

—“LL+ 1L+ LI
a4 L1

LL—1L 1+ LI
41, L 15

rirys;s, + rir3s83

1112+1113—1213rr +13(11—12)rrr
—411 Ll 2135253 —11 A 1127353

Note that expressions for H; and H, differ from the erroneous
counterparts given in Ref. 9. Because the constantterm H, plays no
role in the analysis it will be omitted. The absence of the first-order
terms (H; = 0) confirms that (r, s) = (0, 0) is an equilibrium. The
expressions H,, Hs, . .., are not invariantly defined, and they are
functions of (r, s).

Details of the normal form analysis for the attitude motion of a
rigid satellite is given in the Appendix.

Consider the problem of Lyapunov stability of the zeroth solu-
tion of the canonical system with an analytic Hamiltonian function
‘H(q,p, 1), periodic in time or not explicitly dependent on time, as
given in the following form:

H=H"+H'(q,p, 1) (10)

where H'(t) = ) ot + 1 ) w7 7; where i; = (p; +¢;)/2 and
H'(q, p,t) contains terms of order higher than four in the distance
from the equilibrium position, with H(0, 0, 1) = 0.

We will assume that the linearized system is stable, all of the
characteristic frequencies of the system are purely imaginary and
distinct, and the system has no third- and fourth-order resonance
relations. We shall investigate the autonomous problem when the
Hamiltonian’H isnota functionof fixed sign. When itis a functionof
fixed sign, the stability problemis solved by the Lagrange-Dirichlet
theorem.'""!” With these assumptions,the Hamiltonian of the system
can be reduced to the Birkhoff normal form given in Eq. (10).

Theorem 1 (Ref. 13): The periodic system, given in Eq. (10), is
Lyapunov stable if the quadratic form of H, (see Appendix) with
fixed sign is in the positive cone, i.e., 7; > 0. It follows from the
proof that the condition of fixed sign of the quadratic form given
in Eq. (10) ensures the Lyapunov stability along the whole numer-
ical axis —00 < t < +00, which is called permanent stability.'*
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Obviously, the quadratic form of H, with fixed sign also ensures
the stability of an autonomous system. However, the result can be
amplified in that case.

Theorem 2 (Ref. 13): The autonomous system given by Eq. (10)
is Lyapunov stable if the system of equations

Xn:wir,:o a1

i=1

Zwijfitj =0 (12)

i=1

has no solution other than trivial one, Vz; > 0 and 37 # 0.

The application of theorem 2, to the investigationof the stability
of the steady motion of a mechanical system with cyclic (ignorable)
coordinates, may ensure absolute stability, as shown in the next
subsection.

B. Application of Tkhai’s Theorem to the DeBra-Delp Satellite

Clearly, the sufficient condition for Lyapunov stability is fulfilled
when numbers in at least one of the sets w; and w;; (i, j = 1,2, 3)
are of the same sign. This can be determined by a simple inspection
of signs once these numbers are determined. In the Lagrangeregion,
w; are positivedefinite. Hence, this region is Lyapunovstable. In the
DeBra-Delp region, however, o, is negative, whereas w, and w; are
both positive. Similarly, the coefficients w;; have likewise different
signs: w1, w2, and wy, are always negative, whereas w3, w,3, and
w33 have different signs.'® It is very important to note that w;; take
the highest and the lowest values, generally, out of the DeBra-Delp
region or near to or on the resonance curves of degree three or
four.

If this is the case, the plane and the cone (Fig. 2), expressed by
these equationsin the space 7y, 72, and 73, have an intersectionin the
first quadrant passing through the origin. In this case, according to
the Tkhai’s theorem, we can say nothing about the stability. Going
from pointto pointin the DeBra-Delp region of parameters (7}, T3),
whicharedefinedas Ty = (I,—;)/Iyand T, = (I3—1,)/L,, we can
thus demarcate some region of stability from regions of undecided
nature. Such a demarcation over the DeBra-Delp region between
stable and unknown subregions can be done numerically using a
grid of relevant mesh size. However, even the unknown subregions
may still contain a subset where the equilibriumis stable. Unfortu-
nately, the demarcation given in Ref. 9 is incorrect due to several
errorsin H3 and H,. Besides, their numerical demarcation criterion
is unnecessarily complicated. We indicate next a straightforward
method for this purpose.

Equation (11) can be written explicitly for n = 3 as

w1 T] + T + w3T3 =0 (13)

Fig.2 Plane and cone intersections in 7;.

Because w,; is negative and w, and ws; are both positive in the
DeBra-Delp region, we can write Eq. (13) as

lwi |t = way + w313 (14)

Accordingto the definitions of theorem 1 for 7;, which are always
positive and at least one of them is other than zero, they can be
defined in the spherical coordinates, assuming |7| = 1, as follows:

7, = sinf cosg (15)
T, = sinf sing (16)
73 = cosf 17)

Then, Eq. (14) is found as
|w; | sin@ cos ¢ = w, sin6 cos ¢ + w3 cosH (18)
and dividing by cos 6, w; is found as
w3 = tan 6 (|w | cos ¢ — w, sing) (19)
Thus,
w3

tanf = - - (20)
|wi| cosp — w, sing

Because, 7; > 0,then0 < ¢ < w/2 and 0 < 6 < 7 must be
satisfied. As a result, tan 6 must satisfy the following equation:
—w
tand = —3 2n
W] COSQ + w; SIng

By taking the second condition, which is given by Eq. (12), and
by using the definition in Eqs. (15-17), it can be written as

oy sin? 6 cos’ @+ wxn sin® @ sin’ ¢+ w33 cos’ 0

+ 2w, sin® 6 cosg sing + 2w;3 sin6 cos B cos ¢

4 2wy3 sinf cos O sing = 0 22)
After some algebra, Eq. (22) is reduced to
Atan’@ +2Btanf +C =0 (23)
where
A = wy; cos’ ¢ + wy sin® ¢ + wy, sin2¢
B = wi3c08¢ + wy sing, C = wss
Thus,
tan6,, = (—BF D)/A (24)
where

D=+B—-AC

Equations (21) and (24) yield a common solution for 6 if there is
a solution for 7 in Egs. (11) and (12) other than the trivial one. As
a check, we can run a program by choosing ¢ with an appropriate
increment, calculating 6 according to the value of chosen ¢, and
then comparing the solutions as to whether they have same value
with respect to the parameters 7 and 7, in the DeBra-Delp region.

The result of the application of Tkhai’s theorem to the DeBra-
Delp satellites is given in Fig. 3. In this figure, dots (-) represent
the stability region, circles (o) representthe unknown region where
there are othersolutionsthanthe trivialone, and pluses (+) represent
avery narrow region, or rather line, where the sum of absolute values
of w;; is greater or equal to the value of 100,000, i.e.,

3
> el = 100,000
ij=1
One of the important results to be extracted from Fig. 3 is that
there is a well-defined attitude stability region for the DeBra-Delp
satellites. Another important result is that the lines denoted by +
coincide with the resonance curves of degree of three and four.
Thus, the presence of resonance curves in the parameter space has
manifesteditself by such numerical singularitiesin the computation.
We also note that there is almost no problem for the attitude stability
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Fig. 3 Stability regions for the attitude motion of DeBra-Delp satel-

lites.

up to the value of 7, = —0.07 in the DeBra-Delp region. This value
may be raised to 7, = —0.05 by placing 7| parameters in the range
between 0 and 1. Thus, the stability region shown in Fig. 3 differs
from the incorrectone given in Ref. 9.

III. Conclusion

This study has dealt with the long standing problem of the attitude
stability of a rigid DeBra-Delp satellite under the influence of the
gravitationaltorquesin a circular orbit. Marandi and Modi® claimed
to have made a breakthroughin 1989 for the determination of the
stability of these satellites by using Tkhai’s sufficiency criteria.'®
We have shown, however, that their results were incorrect because
of the algebraic errors in some components H3 and Hy.

We have given a complete derivation of the Hamiltonian problem
of attitude motion for rigid satellitesin a circular orbit with arbitrary
orientation. The linear theory of stability, however, is shown to be
inconclusive for a particular initial configuration, which is called
DeBra-Delp case because of indefinite sign of the Hamiltonian.
Therefore, the attitude stability in the DeBra-Delp case has to be
analyzed by the nonlinear theory.

We have applied Tkhai’s theorem for an analytical approach to
obtain a demarcationin parameter space for securely stable regions
similar to Marandi and Modi, but correcting the algebraic errors.
For this purpose, we have made use of the REDUCE symbolic pro-
gramming language to manipulate extensive algebraic operations
and expressionsto avoid some errors of the former analysis. Tkhai’s
criteriawere then appliedusinga much simpler geometricaltest than
used in Ref. 9, yielding a fast numerical decision. This analytical
approach gave us stable region over the whole parameter space.

These conclusionswere also checkedand verified by independent
approximativeand asymptotic methodsusedin ourrelated work (see
Ref. 16) based on Lyapunov exponents and phase space analysis.

Appendix: Normal Form Analysis
A. Normalization of
After constructing the Hamiltonian of the system up to fourth
degree as polynomials, to analyze the stability of the system, the
sufficient condition for canonical transformation of the system to
normal form is that the eigenvalues (characteristic frequencies) of
the linear system (L) must be pure imaginary and distinct.'-12:17

1. Linear System Analysis
The dynamical system associated with H is defined

oH
r or
) =J
(s) oH
as
which is obviously set of nonlinear equations, where J is 2n x 2n

skew-symmetric unity matrix.
The linear part of this system comes from H, as follows:

(0)=+()

where

B 0*H,
L= J[a(r, s)2i|

whose components, which are other than zero, can be written as

20, — I
L12=—L53=2—I, L13=4—I
| |
2L+ 1 1
L, =—L42=%, u =T
2 2
5
L 6 — 7 L = —=
=T 41 7

120,(I — 1 — L)
I

120,(I, — I;) — I I?

Ly =
52 11

65 =

If the eigenvalues of linear system matrix L are distinct and pure
imaginary, then by a linear canonical transformation T via the sym-
plectic basis'®!” (r, s) variables transform to (x, y) variables by

()=7()

Then, the system equations of motion can be written as

()-r )

where L is in the canonical form of

T7'LT = o W
T l-w oo

and W = diag(w,, w,, w3), where w; are real and defined as w; =
:I:)\.l, Wy = :I:)\.z, and w3 = :I:)\.-;

It is seen from matrix L that the conjugate variables r; and s3
are decoupled from the rest. Thus, the whole linear system can be
thought as two different linear systems. The characteristicequation
of the first system, i.e., the equationresulting with the eigenvaluesof
the first system, is found from the equation |\, U—L,| =0 (i =1, 2)
as A* + BA?2 + C = 0. Thus, the eigenvalues (£jA,, =jA,) of
the first system are found as A, = £/[(B —/D)/2] and A, =
+/[(B + +/D)/2], where A, and A, are real and are assumed 0 <
A1 < Xy (Refs. 9 and 16).

When similar steps are taken for the second linear system equa-
tion, the characteristicequation of the second system and eigenval-
ues (+jA3) are found as A; = +./(—3T3).

To make a linear canonical transformation, not only the coeffi-
cients of characteristic equation must be real and positive (B > 0
and C > 0), but the discriminant of it must also be real (D > 0).
Besides, adding the condition 7} + 7, > 0, from the third eigen-
value relation, we may define a region in the 7|7, parameter space.
This region characterizes all those Hamiltonian differential equa-
tions whose linearization at the considered equilibrium has only
pure imaginary eigenvalues.

Definition (Refs. 10, 11, 17): The characteristic frequencies w,,
sy, and ws satisfy a resonance relation of order M if there exist
integers m; not all equal to zero such that

imiwi =0

i=1
with

3

Zlm,-l:MzO

i=1

The resonance curves in the DeBra-Delp region satisfying the
conditionof M < 4 are shown in Refs. 9 and 16. Outside these res-
onance curves the normalization procedure up to the fourth degree
is possible.
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2. Finding Symplectic Basis
The eigenvectors of the first system, L;, are found for (i =1, 2)
as
1+7)
2622~ T + 1)
(s —7)
e = 2L (252 = T T> + 1)
[(—11 — LT +2h)s} — 1, — LT, — LT, + 12]
bLs; (252 = T\ Ty + 1)

i

Similarly, define
b, = (1/N,)Re(e,), bs = (1/e;N,) Im(e,)

Then, in the symplectic basis {1, b,, b4, bs}, L, reads

0 0 e 0

0 0 0 €A,
—€1) 0 0 0

0 -6, 0 0

By choosinge; = —1and N; =1, constantsk; (i = 1, 2) are found

ki
- - as
2
, o (LI + 21 Le? =21 L — I + L 1)

where s; are pure imaginary roots of the first system. Note that
first and fourth components of e; are real, and second and third
components of e; are pure imaginary, assuming k; as real constant.

Let e, be the eigenvector corresponding to the eigenvalue jA;.
Define €, N2 =Im(e,) J Re(e,), where |¢;| = 1 ve N; > 0.Itfollows
that

ON'TO0 0 1 07 fey
e 0 0 0 1 0
€1N12 _ _21
€3 —1 0 0 0 0
0 0 -1 0 0 €41
and
0
2 - - €4
€1N1 = [O € €3 O]
—en
0
= ey1€4 — €183
where e,; = —je,; and e3; = —jes;. As aresult, T is found in the
following form:
€11 €en 0 0
0 0 -—e —e
T, = _21 _22
O O —€3] —€3
€41 €42 0 0
Define
b, = (1/N,)Re(e)), by = (1/¢,Ny)Im(e,)
Thus,
Lib LR (e1) My (e)
T — T — m
101 N, 1 ke(ey N, €|
Im(el)
= —A = —X€b
1€] N, 1€1D04
and

Lby = (1/N\)L,Im(e;) = (A /€;N;)Re(e;)

= L€ b,

The eigenvector of the second system has a form as

1
e = ! 4[-; S;
ki

Define e3N7 = Im(es) J Re(es), i.e., explicitly
ks \ "

- 0 17/0
@y = 4w81' [—1 0} (l«)

Then, €3N} = k% /4w;1;, where w3 = /(—3T;) and k5 is a real
constant. Similarly, choosing €3 = —1 and N3 = 1, k3 is found as
k3 = 2/(w313). Therefore,

0 =Jaslz
T2 =
2/\/ w3 I'; 0

By using the whole symplectic basis, one can constructthe linear
canonical transformation (r, s) — (x,y) so thatusing 7', where

ey ep 0 0 0 0

0o o0 0 —ey —ép 0
U 0 0 0 iJash

0o o0 0 —e3 —eéx 0

ey epn 0 0 0 0

0 0 2Jwhs 0 0 0

we can transform H, (r, s) — Ha(x,y). Thus, the new Hamiltonian
now becomes

3
H, = § ;T

i=1
where 7; = (x? + y?/2).

B. Normalization of F4

It is important to note that if characteristic frequencies w; do not
satisfy any resonancerelation of order M three or smaller, then there
is a canonical coordinate system in a neighborhood of equilibrium
position in which the expression of the Hamiltonian in the new
variablesis reducedto a Birkhoffnormal form of degree three.! %1217

A generating function K can be found, which yields a canonical
transformationleading to the elimination of terms of degree three in
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the new Hamiltonian. By using the following complex linear canon-
ical transformationx = z/2 + jq andy = jz/2 + q, H, becomes

3
Hy=J Zwiziqi
i=1
where z;q; = —j(x? + y?)/2. Then, by Jacobi’s theorem,'® the
implicit relations ¢ = 0K /9z and u = 9K /dv define a canonical
transformation (z, ¢) — (u, v) about (2, q), provided the generat-
ing function K (v, z) satisfies the condition

det 0°K #0
e
avaz
V0,20

with gy = 0K /9zl,, ., Let K =vz+ K;3(v, z), where K3 is a homo-
geneous polynomial of degree three. Then,

det 0,0) =detlJ] =1
ovoz

withg =v + 0K;/0z andu =z + 9K;/dv. Because K is analytic,
the last equality determines z as a unique analytic function of u
and v, which maps (0,0) — (0) (Ref. 9). By substitution of u
whenever z appears,z and ¢ becomez = u — d K3 /dv(u,v) + O(3)
andg =v+ 0K;/0u(u,v) + O(3).

The expansionof H in terms of the new conjugate variables (u, v)
up to the terms of degree three H;(z, ¢) — H;(u, v) is found as

0K;
H(Z q)_JZwl( i 81},)

i=1

0K;
(U, + 8_u> + Hi(u,v) + 0O4)

= Zw,u v +Jj Zw,(u 9K; UI;;?)

i=1 i=1

+ Hs(u,v) + O4)

Any term in K3 may be written as s,,,2"v", with |[m| + |n| = 3,
which is an abbreviation for S,z 'z'z"zzg"‘v?' vy vy, with [m | +
|my| 4+ |ms| + |ny| + |n,y| + |n3] = 3. Here, s,,, is the coefficient
of the z”v" monomial. Hence, the coefficient of #™v" in the third-
degree terms of H can be written as

3
jzwi(ni —m;) | + P

i=1

H3 = S

where h,,, is the coefficient of the monomial #™v" in H;3(u, v).
If there are no resonances of order smaller than or equal to three
among w;, then s, may be chosen so that the preceding expression
becomes zero. Therefore, an appropriatechoice of K eliminates the
third degree terms of H (Ref. 16).

C. Normalization of H;
Now, we have

3
Hu,v) =j Zw,-u,-v,- + Ha(u,v) + O5)

i=1

3

_ - 0K; 0K,

Hy = Hy(u, _'E | — —
4 4(u,v) J,-_lw(au 8v>

Similar to the procedurein the preceding subsection,a generating
function is found that normalizes H through terms of degree four.
Expansion of H through terms of degree four in variablesu, v is as
follows:

where

3
Hu,v) = j Zw,-u,-v,- + Ha(u,v) + O5)
i=1
As before, K4 (v, f) is ahomogeneouspolynomial of degree four.
The implicit relations are v = f + 0K, /du andd = u + 0K,/of
define an analytic canonical transformation (u,v) — (d,f) close

to identity. As before, u = d — 0K, /of(u,v) + O4), and v =
f+0Ky/0du,v) + O(4). Then,

H(u, v)—JZ“’I( Y
. 3 _ 3 8K4
:JZw,-diﬁJrJZ“’f( E)d _fiafl>

i=1 i=1
3
B 0K; 0K;3
+ wi| —  —=
/ Z (au,- 90, )
Any term in K4 may be written as b,,,d"f", with |m| + |n| =

4. Here, s,,, is the coefficient of the d”f"” monomial. Hence, the
coefficient of d"f" in fourth-degree terms of H, reads as

3
jzwi(ni —m;) | + P

i=1

)(f+8_d> +Hsd. f)+O5)

+00%)
@.f)

Hy = Smn

where h,,, is the coefficient of the monomial d”f" in Hy(d, f). The
appropriatechoice of the coefficients of K, gives the Hamiltonianin
the normal form, whereas other coefficients are canceled out. Unlike
the third degree case, even in the absence of resonance of order four
or less, it is not possible to eliminate all the fourth degree terms. For
m; =n;, (i =1, 2,3), the monomials b,, ,d"f" remain. Therefore,
K4 may be chosen such that H, finally becomes

Hy = Zc,,,,,d"’f" = i: ;T T;

m=n i,j=1
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